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2
2.1
$(X, d)$ $Y$ $A\subset Y$ $A$
$corA$ int$A$ c$1A$ $C$
$Y$ (a) c$1C=C$ (b) $C+C\subseteq C$ (c) $\lambda C\subseteq C$
$\forall\lambda\in[0, \infty)$ $0_{Y}$ $Y$ $C$ solid int$C\neq\emptyset$ pointed
$C\cap(-C)=$ {Oy}
$C$ ( ) $\leq c$ $(Y, \leq c)$
$\forall y_{1},$ $y_{2}\in Y,$ $y_{1}\leq cy_{2}\Leftrightarrow y_{2}-y_{1}\in Cdef$
$C$ pointed $\leq c$ ( )
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2.2
$\mathcal{V}$ $Y$
$V_{1},$ $V_{2}\in \mathcal{V}$ 2
$V_{1}+V_{2}:=\{v_{1}+v_{2}|v_{1}\in V_{1}, v_{2}\in V_{2}\}.$
$\alpha\in \mathbb{R}$ $V\in \mathcal{V}$
$\alpha V:=\{\alpha v|v\in V\}.$
$\mathcal{V}$ $\{0_{Y}\}$
2.1 (set-relations [10, 11]). $A,$ $B\subset \mathcal{V}$ solid $C\subset Y$
$A\leq^{l}c^{B}$ by $B\subset A+C$ $A\leq^{l}$int$c^{B}$ by $B\subset A+$ int$C,$
$A\leq_{c}^{u}B$ by $A\subset B-C$ $A\leq_{intC^{B}}^{u}$ by $A\subset B-intC.$
1.
$x,$ $y\in Y$
$C\subset Y$ $y\in x+C$ $x\in y-C$ $A,$ $B\in 2^{Y}$
$C\subset Y$ 2 $B\subset A+C(A\leq^{l}c^{B)}$ $A\subset B-C(A\leq_{c}^{u}B)$
1.
$Y=\mathbb{R}^{2}, C=\mathbb{R}_{+}^{2}=\{(x, y)|x\geq 0, y\geq 0\}$
$A_{1}=[0,2]\cross[0,2] B_{1}=[3,5]\cross[0,1] A_{2}=[0,2]\cross[1,2] B_{2}=[3,5]\cross[0,2]$
$A_{1}\leq^{l}c^{B_{1},A_{1}}\not\leq_{c}^{u}B_{1 }A_{2}\not\leq_{c}^{l}B_{2},$ $A_{2}\leq_{c}^{u}B_{2}$
$\leq^{l}c$ $\leq_{c}^{u}$
2.2 ([12]). $A,$ $B\subset \mathcal{V}$ $y\in Y$
(i) $A\leq_{c}^{l[u]}B\Rightarrow(A+y)\leq^{l}c^{[u]}(B+y)$ ;
(ii) $A\leq_{c}^{l[u]}B\Rightarrow\alpha A\leq_{c}^{l[u]}\alpha B$ for $\alpha\geq 0$ ;
(iii) $\leq^{\iota}c$ $\leq_{c}^{u}$
$A$ $C$-closed[$(-C)$-closed] $A+C[A-C]$
$C$-bounded [ $(-C)$-bounded] $Y$ $0_{Y}$ $U$
$A\subset tU+C[A\subset tU-C]$ $t>0$ $C$-compact [ $(-C)$-compact]
$A$ $\{U_{\alpha}+C|U_{\alpha}$ : $\}$ [ $\{U_{\alpha}-C$ : }]
$C$-compact $C$-closed $C$-bounded ([14]). $A\in \mathcal{V}$
$C$-proper $A+C\neq Y$ $(-C)$-proper $A-C\neq Y$ $\mathcal{V}c$ $Y$ $C$-proper
$\mathcal{V}_{-C}$ $Y$ $(-C)$ -proper $\mathcal{V}c,-c$ $Y$ $C$-proper $(-C)$-proper
2. $\leq^{l}c$ $\leq_{intC}^{l}$





$Y=\mathbb{R}^{2},$ $C=\mathbb{R}_{+}^{2}$ $A=\{(x, y)|y\leq\log x, x>0, y\in \mathbb{R}\}$ $B=[1,2]\cross[0,1]$
$A+C=A+$ int$C=\{(x, y)|x>0,y\in \mathbb{R}\}$




$V_{1}\sim\iota V_{2}\Leftrightarrow V_{1}\leq^{l}c^{V_{2}}$ and $V_{2}\leq^{\iota}c^{V_{1}},$
$V_{1}\sim_{u}V_{2}\Leftrightarrow V_{1}\leq_{c}^{u}V_{2}$ and $V_{2}\leq_{c}^{u}V_{1},$
$[\cdot]^{l}$ $[\cdot]^{u}$ $A\in[B]^{l}\Leftrightarrow A+C=B+C$ $A\in[B]^{u}\Leftrightarrow$
$A-C=B-C$
2.3. $A\in \mathcal{V}$ $l[u]$ -minimal set $B\in \mathcal{V}$
$B\leq_{c}^{l[u]}$ $A$ implies $A\leq_{c}^{l[u]}B$
( $B’\leq^{\iota}c^{[u]}A$ $B’\in \mathcal{V}$ ) $A\in \mathcal{V}$
$l[u]$ -weak minimal set $B\in \mathcal{V}$
$B\leq_{intC}^{l[u]}$ $A$ implies $A-\leq_{intC}^{l[u]}B$
( $B’\leq_{intC^{A}}^{l[u]}$ $B’\in \mathcal{V}$ ) $\mathcal{V}$ $l$ [u]-minimal
set $l[u]-{\rm Min}\nu$ $\mathcal{V}$ $l[u]$-weak minimal set $l[u]-wMinV$




3.1 ([4, 5]). $C\subset Y$ solid $k^{0}\in C\backslash (-C)$ $\varphi_{C,k^{0}}$ : $Yarrow(_{-}-$oo, oo$]$
$\varphi_{C,k^{0}}(y)=\inf\{t\in \mathbb{R}|y\leq c^{tk^{0}}\}=\inf\{t\in \mathbb{R}|y\in tk^{0}-C\}$
$\varphi_{C,k^{0}}$ 6
(i) dom$\varphi_{C,k^{0}}$ $:=\{y\in Y|\varphi_{C,k^{0}}(y)<\infty\}\neq\emptyset$ $y\in Y$ - $\varphi C$,k$O(y)>-\infty$
(ii) $\{y\in Y|\varphi_{C,k^{0}}(y)\leq t\}=tk^{0}-C_{\backslash }$
(iii) $\varphi_{C,k^{0}}$ ( $t\in R$ $\{y\in Y|\varphi_{C,k^{0}}(y)\leq t\}$ )
(iv) $\varphi_{C,k^{0}}$ $\leq c$- $(y_{1}\leq cy_{2}$ $\varphi_{C,k^{0}}(y_{1})\leq\varphi_{C,k^{0}}(y_{2}))_{\backslash }$
200
(v) $y\in Y$ $\lambda\in \mathbb{R}$ $\varphi_{C,k^{0}}(y+\lambda k^{0})=^{s}\varphi_{C,k^{0}}(y)+\lambda$
(vi) $\varphi_{C,k^{0}}$ $7q\Pi$ $( y_{1}, y_{2}\in Y \varphi_{C,k^{0}}(y_{1}+y_{2})\leq\varphi_{C,k^{0}}(y_{1})+\varphi_{C,k^{0}}(y_{2}))$
$k^{0}\in$ int$C$ 4
(vii) $\varphi_{C,k^{0}}$
(viii) $\{y\in Y|\varphi_{C,k^{0}}(y)<t\}=tk^{0}$ –int$C_{\iota}$
(ix) $\varphi_{C,k^{0}}$ $\leq intC$- $7JO(_{y_{2}-y_{1}}\in$ int$C$ $\varphi_{C,k^{0}}(y_{1})<\varphi_{C,k^{0}}(y_{2}))_{\backslash }$
(x) $\varphi_{C,k^{0}}$
[1] ( 2
) $\psi_{C,k^{0}}$ : $Y\cross Yarrow 1-\infty,$ $\infty)$




$\leq^{l}c\backslash \leq^{l}c$ 2 $\varphi_{C,k^{O}},$ $\psi_{C,k^{O}}$ 2 4 $inf\emptyset=\infty$
$\sup\emptyset=-\infty$ $h_{\inf}^{l},$ $h_{\inf}^{u}$ : $\mathcal{V}\cross \mathcal{V}arrow(-\infty, \infty] h_{\sup}^{l}, h_{\sup}^{u}: \mathcal{V}\cross \mathcal{V}arrow 1-\infty, \infty)$
[2] ( ) 2
$h_{\inf}^{l}(V_{y})= \inf\{t\in \mathbb{R}|V_{y}\leq^{l}c^{tk^{0}}\}=\inf\{t\in\mathbb{R}|\{tk^{0}\}\subset V_{y}+C\},$
$h_{\inf}^{u}(V_{y})= \inf\{t\in \mathbb{R}|V_{y}\leq_{c}^{u}tk^{0}\}=\inf\{t\in\mathbb{R}|V_{y}\subset tk^{0}-C\},$
$h_{\sup}^{l}(V_{y})= \sup\{t\in \mathbb{R}|tk^{0}\leq^{l}c^{V_{y}}\}=\sup\{t\in\mathbb{R}|V_{y}\subset tk^{0}+C\},$
$h_{\sup}^{u}(V_{y})= \sup\{t\in \mathbb{R}|tk^{0u}\leq cV_{y}\}=\sup\{t\in \mathbb{R}|\{tk^{0}\}\subset V_{y}-C\}.$
- - [12]
Hamel-L\"ohne $[6]$ Hern\’andez-Rodr\’iguez-Marin [7] o
$k^{0}\in$ int $C$





3.2. {nf : $\mathcal{V}_{C}arrow(-\infty, \infty]$
(i) $h_{\inf}^{l}>-\infty_{\backslash }$
(ii) $h_{\inf}^{l}(V_{y})\leq t\Leftrightarrow tk^{0}\in V_{y}+C_{\backslash }$
(iii) $h_{\inf}^{l}$ $\leq^{\iota}c^{- \mathfrak{y}_{[] }}$





$k^{0}\in$ int$C$ $V_{y}$ $C$ -closed $h_{\inf}^{l}$
(viii) $h_{\inf}^{l}(V_{y})<t\Leftrightarrow tk^{0}\in V_{y}+$ int$C_{\tau}$
(ix) $h_{\inf}^{l}$ $\leq_{intC}^{l}$ -
3. $h_{\inf}^{l}$ ([6, 15]) $(v)$ $(vi)$ (vii)
(ix) [6] $V_{y}$ $h_{\inf}^{l}$ $\leq_{intC^{-}}^{l}$
$V_{y}$ $C$-closed
3.3. $h_{\inf}^{u}$ : $\mathcal{V}arrow(-\infty, \infty]$
(i) $h_{\inf}^{u}>-\infty$
(ii) $h_{\inf}^{u}(V_{y})\leq t\Leftrightarrow V_{y}\subset tk^{0}-C_{\tau}$
(iii) $h_{\inf}^{u}$ $\leq_{c}^{u}$ -
(iv) $\lambda\in \mathbb{R}$ $h_{\inf}^{u}(V_{y}+\lambda k^{0})=h_{\inf}^{u}(V_{y})+\lambda$
(v) $V_{y}\in[V_{\overline{y}}]^{u}\Rightarrow h_{\inf}^{u}(V_{y})=h_{\inf}^{u}(V_{\overline{y}})_{\backslash }$
(vi) $h_{\inf}^{u}$
$k^{0}\in$ int$C$ $h_{\inf}^{u}$
(vii) $h_{\inf}^{u}(V_{y})<t\Leftrightarrow V_{y}\subset tk^{0}-$ int $C_{\backslash }$
(viii) $h_{\inf}^{u}$ $\leq_{intC}^{u}$ - $lo$
$k^{0}\in$ int$C$ $V_{y}$ $(-C)$ -bounded $h_{\inf}^{u}$
(ix) $h_{\inf}^{u}$
4. $h_{\inf}^{u}$ ([15, 6]) $(v)$ $(vi)$ (vii)














3.2 (viii) [ $($ ii $)$ ] $t=0$
4.2 (l-infimum type). $Y$ $C$ solid $k^{0}\in intC$ $B$
$V_{b}\in \mathcal{V}_{C}$ $C$-closed
$0_{Y}\not\in V_{b}+$ int$C\Leftrightarrow h_{\inf}^{l}(V_{b})\geq 0$ $\forall b\in B$
$[0_{Y}\not\in V_{b}+C\Leftrightarrow h_{\inf}^{l}(V_{b})>0 \forall b\in B].$
$u$-type
4.3 (u-infimum type). $Y$ $C$ solid $k^{0}\in$ int$C$ $B$
$V_{b}\in \mathcal{V}$ $(-C)$ -bounded
$V_{b}\not\subset-$ int$C\Leftrightarrow h_{\inf}^{u}(V_{b})\geq 0$ $\forall b\in B$
$[V_{b}\not\subset-C\Leftrightarrow h_{\inf}^{u}(V_{b})>0 \forall b\in B].$
4.2 Caristi
4.4 ( $l$-type). $X$ $Y$ $C\subset Y$ solid $k^{0}\in C\backslash (-C)$
$F:Xarrow \mathcal{V}_{C}$ C-closed $T:Xarrow 2^{X}$
(i) $F$
$($ $V_{a}\in \mathcal{V}_{C}$ $x\in X$ $V_{a}\leq^{l}c^{F(x)}$ $)$
(ii) $F$ l-$k^{O}$ - ( $t\in \mathbb{R}$ $\{x\in X|F(x)\leq^{l}c^{tk^{0}\}}$ )
(iii) $x\in X$ $y\in Tx$ $y\in X$ $F(y)+d(x, y)k^{0}\leq^{l}c^{F(x)}$




( $V_{a}\in \mathcal{V}_{C}$ $x\in X$ $F(x)-V_{a}$ $C$-closd
$0_{Y}\not\in F(x)-V_{a}+$ int$C$ )




$\{x\in X|(h_{\inf}^{l}oF)(x)\leq t\}=\{x\in X|\{tk^{0}\}\subset F(x)-C\}=\{x\inX|F(x)\leq^{\iota}c^{tk^{0}\}},$
$t\in \mathbb{R}$ 3.2 $(iii)$
(iv)
$h_{\inf}^{l}(F(y))+d(x, y)\leq h_{\inf}^{l}(F(x))$ .
$h_{\inf}^{l}\circ F$ Caristi [3]




4.5 ( $u$-type). $X$ $Y$ $C\subset Y$ solid $k^{0}\in$
$C\backslash (-C)$ $F:Xarrow \mathcal{V}$ $(-C)$ -bounded $T:Xarrow 2^{X}$
(i) $F$
$($ $V_{a}\in \mathcal{V}$ $x\in X$ $V_{a}\leq_{c}^{u}F(x)$ $)_{\backslash }$
(ii) $F$ u- $k^{}$ - $($ $t\in \mathbb{R}$ $\{x\in X|F(x)\leq_{c}^{u}tk^{0}\}$ $)$
(iii) $x\in X$ $y\in Tx$ $y\in X$ $F(y)+d(x, y)k^{0}\leq_{c}^{u}F(x)$
$x\in T\overline{x}$ $\overline{x}\in X$
$k^{0}\in$ int$C$ (ii)
(ii’) $F$
( $V_{a}\in \mathcal{V}$ $x\in X$ $F(x)-V_{a}$ $(-C)$ -bounded
$F(x)-V_{a}\not\subset-$ int$C$ )
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